for positive integers , . In this paper, by analyzing the weight of and , we prove that holds in most cases, and so does the conjecture. According to the remainder modulo 4, we also consider the weight of from two aspects: and . In particular, our results not only cover the most known results, but also contain some new cases. Thus, we can reduce the conjecture to few remaining cases. We do not fully solve the conjecture, but we also consider the weight of and also give some experimental results on it.
I. INTRODUCTION

B
OOLEAN functions are frequently used in the design of stream ciphers, block ciphers, and hash functions. One of the most vital roles in cryptography of Boolean functions is to be used as filter and combination generators of stream ciphers based on linear feedback shift registers. Among all the Boolean functions, symmetric Boolean functions are an interesting subclass for their advantage in both implementation complexity and storage space.
Symmetric Boolean functions are characterized by the fact that their outputs only depend on the Hamming weights of their inputs. These functions can be represented in a very compact way both for their algebraic normal forms (ANF) and for their value vectors, which considerably reduces the amount of memory required for storing the function and is of great interest in software applications. Elementary symmetric Boolean function is the basic unit composing of symmetric Boolean functions. Some cryptographically significant properties of (elementary) symmetric Boolean functions have been studied in [1] - [10] , [12] - [14] . Manuscript In [5] and [10] , the results for Conjecture 1 hold when is large enough. The conclusions in [13] are only for very special and . Compared with those results, our results are different. This paper is organized as follows. Section II introduces the notation and the related results about Boolean functions and symmetric Boolean functions. In Section III, we give our main results about the weight of and . We prove that holds in most cases. In Section IV, we discuss the weight of depending on whether or . Then, Conjecture 1 can be reduced to Conjecture 2. We do not fully solve the conjecture, but we also consider the weight of and give some experimental results on in Section V.
II. PRELIMINARIES
Throughout this paper, let be the finite field with two elements, be a positive integer, and be the -dimensional vector space over . To avoid confusion, we denote the sum over by , and the sum over by . We first recall some necessary definitions and results about Boolean functions and symmetric Boolean functions. 
A. Boolean Functions
III. OUR MAIN RESULTS
In this section, we obtain our main results about the weight of and . We first consider the weight of . Next, analyzing the weight of , we prove that holds in most cases. Most notably, we can easily obtain the results in [7] and [8] by using these results.
Let and be two positive integers with . For , denote
Since iff for some integers and , we have . It follows from (1) and (2) that (3) There is an expression of given by Canteaut and Videau in [2] .
Lemma 3 ([2]): For positive integers , , and , we have
The following lemma will be very useful to check that the weight of is greater than, less than, or equal to .
Lemma 4 ([8]):
Let and be two positive integers. Suppose that , with is a nonnegative integer. Define the sum Then, has the same sign as . With all the aforementioned preparation, we can consider the weight of
. We obtain the following results. By the aforementioned results, we can obtain that holds in most cases, and so does the conjecture.
Remark 1:
Assume that is odd and for some positive integer . Let . It was claimed in [8] that for even and . But in fact, according to their proof one can only obtain that for even and . By our terminology, we reinterpret the proof as follows.
Since and , by Lemma 5-2, one has . Since we obtain the following. 1) If or , then .
2) If , then . Since strictly decreases as increases for , by Lemma 4, one has if is even. 3) If is even and , one has . Thus, by this method, we can only obtain that for even and .
Remark 2:
The previous results cover the known cases of [7] and [8] .
1) It has been proved that if is balanced, then [7] . In fact, if and is balanced, by Corollaries 3 and 4, one has that must be even and . In this section, we will discuss the weight of depending upon or . If , our results cover the cases given in [9] . Furthermore, if , odd and , then is not balanced for or , which is not contained in [9] . We can also get results for . As a result, Conjecture 1 can be simplified to Conjecture 2.
A. Weight of With
When and , it can be written as , where is odd and . For and , we can obtain the following results, respectively. These results cover the cases of [9] . In [9] , the authors proved that if , is odd and , then is balanced if and only if , . Thus, the results in Corollaries 3 and 5 and Theorem 2 cover the cases given in [9] . Furthermore, the result for odd and is not contained in [9] . 
B. Weight of With
